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\S 1 Intoduction. .. . $\cdot$.
Kikuchi-Tamura [1] resolvent
low energy
$n\geqq 3,$ $x=(y, z)\in \mathrm{R}^{n-1}\cross \mathrm{R}$
(1.1) $L=-a(x)2\triangle$ ,
$a(x)$




$c\pm,$ $c_{h},$ $h$ $c_{h}< \min(c+’ c_{-})$ (1.2)
$0<z<h$ (Guided waves) (cf. Wilcox
[5] Weder [3] $)$ Kikuchi-Tamura
$Chhh< \min(c_{+}, c-)$ , $c_{+}\neq c_{-}$ $c_{h}<c_{+}=c_{-}$
Wilcox [5] Weder [3] low energy Guided
wave Kikuchi-Tamura low energy Guided wave
$a(x)$ $a(x)\in L^{\infty}(\dot{\mathrm{R}}^{n})$ , $c_{m},$ $c_{M}$
$0<c_{m}<a(x)<C_{M}$ $\theta>0$
(1.3) $a(x)-ao(Z)=O(|x|^{-\theta}-1)$ $(|x|arrow+\infty)$





$<u,$ $v>0= \int_{\mathrm{R}^{n}}u(X)\overline{v(x)}a^{-2}(0\mathcal{Z})dx$ and $<u,$ $v>_{1}= \int_{\mathrm{R}^{n}}u(x)\overline{v(X)}a-2(X)dx$
$L$ (resp. $L_{0}$ ) $\mathcal{H}_{1}$ (resp. $\mathcal{H}0$ )
$D(L)$ (resp. $D(L_{0})$ ) $H^{2}(\mathrm{R}^{n})$ $H^{\mathit{8}}(\mathrm{R}^{n})$ $\mathrm{R}^{n}$ $s$
Sobolev
$R(z;L)$ $L$ $Imz\neq 0$ resolvent
$(L-z)^{-}1$ $A$ $L^{2}(\mathrm{R}^{n})$ $||A||$
Weder [3] $L$
Theorem 1.1. $c_{h}<c_{+}=c_{-}$
(i) $n=3$ $d,$ $0<d<1/2$
$||<x>^{-1}R(\lambda\pm i\mathrm{O};L)<x>^{-1}||=O(\lambda^{-d})$ $(\lambdaarrow 0)$ ,
(ii) $n\geqq 4$
$||<x>^{-1}R(\lambda\pm i\mathrm{O};L)<x>^{-1}||=O(1)$ $(\lambdaarrow 0)$ .
$<x>=(1+|x|^{2})^{1}/2$
(cf. Kikuchi-Tamura [1]) Local en-
ergy decay










$R(\lambda\pm i\kappa;L)=Q(\lambda, \pm i\kappa)(Id-\lambda V2Q(\lambda, \pm i\kappa))-1a(X)^{-}2$
( $Q(\lambda,$ $\pm i\kappa)=(L_{1}(\lambda)-\lambda\mp i\kappa a^{-2}(X))-1$ ) Theorem 1
Lemma 2
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Lemma 1.2. (i) $n=3$ $d,$ $0<d<1/2$
$||<x>^{-1}Q(\lambda, \pm i\kappa)<x>^{-}1||=O(\lambda^{-d})$ , $(\lambdaarrow 0)$
(ii) $n\geqq 4$
$||<x>^{-1}Q(\lambda, \pm i\kappa)<x>^{-1}||=O(1)$ , $(\lambdaarrow 0)$ ,
uniformly in $0<\kappa<1$ .
\S 2 Conjugate operator.
Kikuchi-Tamuta [1] dailation generator Conjugate operator
Commutator method (cf. Mouure [2]) Commu-
tator method Conjugate operator $L_{0}(\lambda)=-\triangle-\lambda(a_{0}^{-}2(z)-1)$ –
Fourier (cf. Weder [3]) $n$ $n-1$ dailation generator
Free Wave –
(Lemma 2.1)
$k=(p, ko)\in \mathrm{R}^{n-1}\cross \mathrm{R}$ Weder [3] $L^{2}(\mathrm{R}_{x}^{n})$ $L^{2}(\mathrm{R}_{k}^{n})$
partially isometric operator $F_{0}(\lambda)$ $L^{2}(\mathrm{R}_{x}^{n})$ $L^{2}(\mathrm{R}_{p}^{n-1})$ partially
isometric operator $F_{1}(\lambda)t^{\grave{\grave{\mathrm{a}}}}$
$F_{0}(\lambda)L_{0}(\lambda)u=|k|^{2}F_{0}(\lambda)u$ , $F_{1}(\lambda)L_{0}(\lambda)u=(|p|^{2}-\omega(\lambda)2)F_{1}(\lambda)u$ .
$\omega(\lambda)^{2}\in(0, \lambda(C_{h}^{-}-21))$ $(\lambda)u,$ $F_{1}(\lambda)u$
Free Wave Guide Wave
$F_{0}(\lambda),$ $F_{1}(\lambda)$ Conjugate operator $D(\lambda)$
$D(\lambda)=F_{\mathit{0}}(\lambda)^{*}(-D_{n})F_{\mathit{0}}(\lambda)$ $F_{1}(\lambda)^{*}(-Dn-1)F_{1}(\lambda)$ ,
$D_{n}= \frac{1}{2i}(k\cdot\nabla_{k}+\nabla_{k}\cdot k)$ , $D_{n-1}= \frac{1}{2i}(p\cdot\nabla_{p}+\nabla_{p}\cdot p)$ .
$H^{2}(\mathrm{R}^{n})\mathrm{n}D(D(\lambda)$ form $i[L_{0}(\lambda), D(\lambda)]$
$i[L_{0}(\lambda), D(\lambda)]=2(L_{0}(\lambda)+\omega(\lambda)2F_{1}(\lambda)^{*}F_{1}(\lambda))$
(2.1) $i[L_{1}(\lambda), D(\lambda)]=2(L_{0}(\lambda)+\omega(\lambda)2F_{1}(\lambda)^{*}F_{1}(\lambda))+\lambda i[V, D(\lambda)]$
$V=V_{1}-(a_{0}^{-2}(Z)-1)$
Free Wave – $k_{0}=0$ Lemma
Lemma 2.1. $0<\lambda<<1$ $D(D(\lambda))$ form $i[V, D(\lambda)]$
$H^{1}(\mathrm{R}^{n})$ $H^{-1}(\mathrm{R}^{n})$ $i[V, D(\lambda)]^{0}$















$||\chi_{10}k|>1\partial k0F0(\lambda)V||=\delta o(1)$ $(\lambdaarrow 0)$
$||\chi|k_{\mathrm{O}}|<1k0\partial k0F0(\lambda)V||=\delta O(1)$ $(\lambdaarrow 0)$
Lemma
$i[L1(\lambda), D(\lambda)]$ $H^{1}(\mathrm{R}^{n})$ $H^{-1}(\mathrm{R}^{n})$
$i[L_{0}(\lambda), D(\lambda)]^{0}$ Lemma 2.1 Mourre esti-
mate(Lemma 2.2)
Lemma 2.2. $f_{\lambda}(r)\in C_{0}^{\infty}(\mathrm{R}),$ $0\leqq f_{\lambda}\leqq 1$ such that $suppf_{\lambda}\in(\lambda/3,3\lambda),$ $f_{\lambda}=1$ on
$[\lambda/2,2\lambda]$ $f_{\lambda}$
(2.2) $f_{\lambda}(L_{1}(\lambda))i[L_{1}(\lambda), D(\lambda)]^{0}f_{\lambda(}L1(\lambda))\geqq C\lambda f_{\lambda}(L_{1}(\lambda))2$
$C>0$ $\lambda$
proof. Lemma 2.1
(2.3) $||f_{\lambda}(L_{1}(\lambda))i[V, D(\lambda)]^{0}f_{\lambda(L(}1\lambda))||=\delta O(1)$ $(\lambdaarrow 0)$ .
$f_{\lambda}(L_{1}(\lambda))$ $f_{\lambda}$ $u\in L^{2}(\mathrm{R}_{x}^{n})$ (2.1) (2.3)
$<f_{\lambda}i[L_{1}(\lambda), D(\lambda)]0f\lambda u,$
$u>_{L^{2}(}\mathrm{R}_{x}^{n})$
$=2<L_{1}(\lambda)f\lambda u,$ $f_{\lambda}u>_{L^{2}(\mathrm{R}_{x}^{n})}+2\omega(\lambda)^{2}|F1(\lambda)f\lambda u|^{2}L2(\mathrm{R}_{p}^{n}-1)$
$+2\lambda<Vf_{\lambda}u,$ $f_{\lambda}u>_{L^{2}(\mathrm{R}^{n}oe)}+\lambda<i[V, D(\lambda)]0f\lambda u,$ $f_{\lambda}u>_{L^{2}(\mathrm{R}_{x}^{n})}$
$\geqq(2/3-C\delta)\lambda|f\lambda u|_{L^{2}()}2\mathrm{R}_{x}n$
’
$C>0$ $\lambda$ $0<\delta<<1$ (2.2)
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\S 3 Proof of Lemma 1.2. : $i$ .
Kikuchi-Tamura [1] Weder [4] Lemma 12
$+$ Kikuchi- Tamura [1] cut off
functions $\chi(x)\in C_{0}^{\infty}(\mathrm{R}^{n})$ such that
$supp\chi_{n}(x)\subset\{x\in \mathrm{R}^{n} : |x|<2\}$











$C_{2}(\epsilon;\lambda)=(\partial k_{\text{ }}F0(\lambda)V_{\epsilon})*k\mathit{0}F\mathit{0}(\lambda)$ .
Lemma 2.1 $B(\epsilon;\lambda)$ $H^{1}(\mathrm{R}_{x}^{n})$ $H^{-1}(\mathrm{R}_{x}^{n})$
.
$F_{\mathit{0}}(\lambda)^{*}DnF0(\lambda)u,$ $F_{1}(\lambda)^{*}Dn-1F1(\lambda)u\in H^{1}(\mathrm{R}_{x}^{n})$ $u\in H^{2}(\mathrm{R}_{x}^{n})\cap$










$E_{7}( \epsilon;\lambda)=\frac{1}{2}V_{\epsilon}y\cdot p_{1}(\lambda)^{*}F1(\lambda)\nabla_{y}$ .
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$+ni[V_{\epsilon}, D(\lambda)]^{0}-i/2[V_{\epsilon}, D(\lambda)]0F_{1}(\lambda)^{*}F1(\lambda)-i/2F_{1}(\lambda)^{*}F1(\lambda)i[V_{\epsilon}, D(\lambda)]^{0}$ .
$i[B(\epsilon;\lambda), D(\lambda)]^{0}$ $H^{2}(\mathrm{R}_{x}^{n})$ $H^{-2}(\mathrm{R}_{x}^{n})$
Lemma (i) (ii) Weder [4] Lemma 25
(iii) $\mathrm{K}\mathrm{i}\mathrm{k}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{i}-\mathrm{T}\mathrm{a}\mathrm{m}\mathrm{u}\mathrm{r}\mathrm{a}[1]$ Lemma 56
Lemma 3.1. $f_{\lambda}$ Lemma 24
(i) $f_{\lambda}(L_{1}(\lambda))D(D(\lambda))\subset D(D(\lambda))$ .
$(ii)D(D(\lambda))$ $[f_{\lambda}(L_{1}(\lambda)), D(\lambda)]$ $L^{2}(\mathrm{R}_{x}^{n})$
$[f_{\lambda}(L_{1}(\lambda)), D(\lambda)]0$
$(iii)||[f\lambda(L1(\lambda)), D(\lambda)]0||=O(1)$
$\mathrm{K}\mathrm{i}\mathrm{k}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{i}-\mathrm{T}\mathrm{a}\mathrm{m}\mathrm{u}\mathrm{r}\mathrm{a}[1]$ Lemma 56 Lemma 3.1(iii)
Lemma 32. $M(\epsilon;\lambda)=f\lambda(L1(\lambda))B(\epsilon;\lambda)f\lambda(L1(\lambda))$ $D(D(\lambda))$





Lemma 3.3. $\lambdaarrow 0$
(i) $||(-\triangle+\lambda)-1/2(B(\epsilon;\lambda)-B(\lambda))(-\triangle+\lambda)^{-}1/2||=\epsilon\theta o(1)$,
(ii) $||(- \triangle+\lambda)^{-1}/2(\frac{d}{d\epsilon}B(\epsilon;\lambda))(-\triangle+\lambda)^{-1}/2||=\epsilon^{\theta-}O1(1)$ ,
(iii) $||(-\triangle+\lambda)^{-1}[B(\epsilon;\lambda), D(\lambda)]^{0}(-\triangle+\lambda)^{-1}||=\epsilon^{\theta-1}O(\lambda^{-1})$ ,
where $B(\lambda)=i[L_{1}(\lambda), D(\lambda)]^{0}$ .




$\epsilon \mathit{0}\theta-1(1)$ , $(\lambdaarrow 0)$
$||\chi_{110}k_{0}<1k^{2}\partial^{2}kF0(0\lambda)\mathrm{V}||$ $=\epsilon^{\theta-1}O(1)$ , $(\lambdaarrow 0)$
$[B(\epsilon;\lambda), D(\lambda)]^{0}$ (iii)
Lemma 22 Lemma $3.3(\mathrm{i}\mathrm{i}\mathrm{i})$ $\epsilon>0$
$M(\epsilon;\lambda)\geq\gamma\lambda f^{2}\lambda(L_{1}(\lambda))$




Lemma 3.4. $\lambda$ $\epsilon_{0},0<\epsilon_{0}<<1$ , $\epsilon,$ $0<\epsilon\leq\epsilon_{0}$ , $\epsilon$
$||G_{\kappa}(\epsilon;\lambda)||=$
.
$\epsilon-1o(\lambda-1)$ , $(\lambdaarrow 0)$
uniformly in $\kappa,$ $0<\kappa<1$ .




$(d/d\epsilon)F_{\kappa}(\epsilon;\lambda)=-iX_{1}G\kappa M(\epsilon;\lambda)G\kappa X_{1}-i\epsilon x_{1}G_{\kappa}((d/d\epsilon)M(\epsilon;\lambda))c_{\kappa}x_{1}$ .
Weder [4]
(3.1) $G_{\kappa}(\epsilon;\lambda)D(D(\lambda))\subset D(D(\lambda))\cap H^{2}(\mathrm{R}^{n})$ ,
(3.2) Range$(f_{\lambda}(L_{1}(\lambda))x_{1})\subset D(D(\lambda))$ .
$g_{\lambda}(p)=1-f_{\lambda}(p)$ . $f_{\lambda}(L_{1}(\lambda))$ $g_{\lambda}(L_{1}(\lambda))$ $f_{\lambda}$ $g_{\lambda}$
(3.1) (3.2) $(d/d\epsilon)F_{\kappa}(\epsilon;\lambda)$ $L^{2}(\mathrm{R}_{x}^{n})$ form
(3.3) $(d/d \epsilon)F_{\kappa}(\epsilon;\lambda)=\sum \mathrm{Y}_{\kappa}^{j}(\epsilon;\lambda)11$ ,
$j=1$
$\mathrm{Y}^{1}=-\kappa ix1G\kappa f\lambda(B(\epsilon;\lambda)-B(\lambda))f\lambda G\kappa X_{1}$ ,
$\mathrm{Y}_{\kappa}^{2}=iX_{1}G_{\kappa}g\lambda B(\lambda)f\lambda G\hslash x_{1}$ ,
$\mathrm{Y}_{\kappa\kappa}^{3}=iX_{1}cg_{\lambda}B(\lambda)_{\mathit{9}}\lambda G\kappa X1$,
$\mathrm{Y}_{\kappa}^{4}--iX_{1}c\kappa f\lambda B(\lambda)g\lambda G_{\kappa}X1$ ,
$\mathrm{Y}_{\kappa}^{5}=-iX_{1}f\lambda G_{\kappa}[L_{1}(\lambda)-\lambda-i\kappa a(X)^{-2}-i\epsilon M(\epsilon;\lambda), D(\lambda)]c_{\kappa}f_{\lambda 1}x$ ,
$\mathrm{Y}_{\kappa}^{6}=-iX_{1}f_{\lambda}G_{\kappa}B(\lambda)G_{\kappa}g\lambda X1$ ,
$\mathrm{Y}_{\kappa}^{7}=-ix_{1g(}\lambda G_{\kappa}B\lambda)G\kappa g\lambda X1$ ,
$\mathrm{Y}_{\kappa}^{8}=-iX_{1}g_{\lambda}G\kappa B(\lambda)G\kappa f\lambda x1$ ,
$\mathrm{Y}_{\kappa}^{9}=\kappa X_{1}f_{\lambda}G\kappa[a(x)^{-2}, D(\lambda)]G_{\kappa}f\lambda X1$,
$\mathrm{Y}_{\kappa}^{10}=-i\epsilon X_{1}G_{\kappa}((d/d\epsilon)M(\epsilon;\lambda))c_{\kappa}x_{1}$ ,
$\mathrm{Y}_{\kappa}^{11}=\epsilon x_{1f\lambda}G_{\kappa}[M(\epsilon;\lambda), D(\lambda)]G\kappa f\lambda x_{1}$ .
(3.3) Lemma 3. $5\sim \mathrm{L}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}3.8$
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(iv) $||(-\triangle+\lambda)1/2f\lambda c\kappa(\epsilon;\lambda)x_{1}||=\epsilon-1/2||^{p_{\kappa}||}1/2o(1)$ ,
(v) $||(-\triangle+\lambda)1/2c_{\kappa}(\epsilon;\lambda)X1||=og\lambda(1)$,
(vi) $||F_{\kappa}(\epsilon;\lambda)||=\epsilon-1O(1)$ ,
uniformly $\kappa,$ $0<\kappa<1$ .
Lemma 3.5 $(i)\sim(iii)$ Kikuchi and Tamura [3] Lemma 54
(iv) (v) Kikuchi and Tamura [3] Lemma 55
(vi)
(3.4) $\int_{\mathrm{R}_{x}^{n}}<X>^{-2}|u(x)|^{2}dX\leq c\int_{\mathrm{R}_{x}^{n}}|\nabla u(X)|^{2}dx$ .
$(3.4),(\mathrm{i}\mathrm{v}),(\mathrm{v})$ (vi)
$\ovalbox{\tt\small REJECT}$ lemma .
Lemma 3.6. $\lambdaarrow 0$ :
$||f_{\lambda}F_{0}(\lambda)*k0\partial_{k0}F_{0}(\lambda)x_{1}||=\{$
$O(\lambda^{1/4})$ $(n=3)$
$O(\lambda^{1/2})$ $(n\geqq 4)$ .
proof. $u,$ $v\in L^{2}(\mathrm{R}_{x}^{n})$ $f_{\lambda}F_{0}(\lambda)^{*}k_{\mathit{0}}\partial_{k_{0}}F_{\mathit{0}}(\lambda)x_{1}$ form
$<f_{\lambda}F_{0}(\lambda)*k_{0}\partial_{k}F_{0}\mathrm{O}(\lambda)X1u,$
$v>_{L^{2}(\mathrm{R}_{x}^{n})}$
$=<\partial_{k_{\mathrm{O}}}F_{0}(\lambda)x_{1}(xz<0(_{\mathcal{Z}})+\chi 0\leqq z\leqq h(_{\mathcal{Z}})+\chi z>h(_{Z}))u,$ $k0^{F}0(\lambda)f\lambda v>_{L^{2}(\mathrm{R}_{k}^{n})}$
$F_{0}(\lambda)$ Plancherel (4.10)
(3.5) $|<\partial_{k_{0}}F0(\lambda)x_{1}\chi z<0(z)u,$ $k_{0}F0(\lambda)f\lambda v>_{L^{2}(\mathrm{R}_{k}^{n})}|$
$\leqq C\lambda^{1/2}|u|_{L(\mathrm{R}_{x}^{n}}2)|v|_{L}2(\mathrm{R}_{x}^{n}),$ $(\lambdaarrow 0)$
(3.6) $|<\partial_{k}p_{0}\mathrm{o}(\lambda)x_{1\chi z>h}(z)u,$ $k_{0}F0(\lambda)f\lambda v>_{L^{2}(\mathrm{R}_{k}^{n})}|$
$\leqq C\lambda^{1/2}|u|_{L(\mathrm{R}_{x}^{n})}2|v|_{L^{2}}(\mathrm{R}^{n}),$$(\lambda xarrow 0)$
(3.7) $|<\partial_{k_{0}}F_{0}(\lambda)X_{1x}(_{Z}0\leqq z\leqq h)u,$ $k0F\mathrm{o}(\lambda)f\lambda v>_{L^{2}(\mathrm{R}_{k}^{n})}|$
$\leqq C\lambda^{d_{n}}|u|L^{2}(\mathrm{R}_{x}^{n})|v|_{L^{2}}(\mathrm{R}^{n})’(\lambda xarrow 0)$
$d_{n}=1/4(n=3),$ $=1/2(n\geqq 4)(3.5),(3.6),(3.7)$ Lemma





Lemma 3.7. $D(D(\lambda))$ form $[a^{-2}(x), D(\lambda)]$ $H^{1}(\mathrm{R}_{x}^{n})$
$H^{-1}(\mathrm{R}_{x}^{n})$ $[a^{-2}(x), D(\lambda)]^{0}$
$i[a^{-2}(x), D(\lambda)]^{0}$
$=i[\tilde{V}, D(\lambda)]0(+C_{h}-2-1)((n-1)x_{0}<z<h(z)-(\partial k_{0}F0(\lambda)\chi 0<z<h(_{Z)})^{*}k0F_{0}(\lambda)$
$-(k_{0}F0(\lambda))^{*}\partial_{k\mathit{0}}F_{0}(\lambda)\chi_{0<}z<h(Z)+Fo(\lambda)*Fo(\lambda))$ ,
(38) $||(-\triangle+1)^{-1/2}i[a-2(x), D(\lambda)]^{0}(-\triangle+1)^{-1/}2||=O(1)$ $(\lambdaarrow 0)$ ,
$\tilde{V}=a^{-2}(x)-a^{-}(0^{2})z$ .
proof. $u,$ $v\in D(D(\lambda))$ $i[a^{-2}(x), D(\lambda)]$
$<i[a^{-2}(x), D(\lambda)]u,$ $v>L2(\mathrm{R}_{\mathrm{g}}n)$
$=<i[\tilde{V}, D(\lambda)]u,$ $v>L^{2}(\mathrm{R}_{\varpi}^{n})+<i[a_{0}-2(z), D(\lambda)]u,$
$v>L^{2}(\mathrm{R}_{x}^{n})$ ,
Lemma 2.1 – $H^{1}(\mathrm{R}_{x}^{n})$ $H^{-1}(\mathrm{R}_{x}^{n})$










Lemma 32 $3.3(\mathrm{i}\mathrm{i}\mathrm{i})$ $\mathrm{K}\mathrm{i}\mathrm{k}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{i}-\mathrm{T}\mathrm{a}\mathrm{m}\mathrm{u}\mathrm{r}a[1]$
Lemma 3.8. $\lambdaarrow 0$
$||[M(\epsilon;\lambda), D(\lambda)]0||=\epsilon^{\theta-1}O(\lambda)$
Lemma 3. $3\sim 3.8$ $\mathrm{Y}_{\kappa}^{j}$ , $\dot{1}\leq j\leq 11$ (Kikuchi-Tamura [1]





Lemma 3.1 (iii),3.3 (iv), (v), Lemma 36 $\lambdaarrow 0$
(3.9) $-||\mathrm{Y}_{\kappa}^{5}$. $||\leqq-\{$
$C\lambda^{-- 1}/4(1+\epsilon^{-1}/2\mathrm{H}F\kappa||1/2)$ $(n=3)$ !





$C(1+\epsilon^{-1}/2||F_{\kappa}||^{1}/2\theta-+\epsilon 1||F_{\kappa}||)$ $(n\geqq 4)$ .
Lemma $3.3(\mathrm{v}\mathrm{i}),(3.10)$
$||F_{\kappa}(0;\lambda)||=O(\lambda^{-d}),$ . $(\lambdaarrow 0, n=3)$ ,
for some $d,$ $0<d<1/2$
$||F(\kappa 0;.\lambda)||=o(1)$ , $(\lambdaarrow 0, n\geqq.4)-$ ,
uniformly $\kappa,$ $0<\kappa<1$ Lemma 12
$L_{0}(\lambda)$ – $\mathrm{W}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{r}[3]$ Appendix 2
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